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Improved Gradient Algorithm for
Two-Point Boundary Value Problems

H. GARDNER MOVER*
Grumman Aerospace Corporation, Bethpage, N.Y.

Although variable final point problems can be readily solved by the gradient procedure, the two-point case is
troublesome. In the present paper the original two-point boundary value problem is replaced by one with a
variable endpoint. The minimum of the cost functional of the original formulation appears in the new problem
as a free parameter. The two problems have identical solution extremals provided the parameter is given its
correct value. The new problem is solved initially using an estimate for the parameter and a first order
correction is then calculated. This process is repeated until all the boundary values lie within their tolerances.
The efficacy of the method is shown by its application to three-dimensional aircraft trajectory optimization.

Introduction

THE gradient algorithm1 is still widely used for control
problems owing to its simplicity, reliability, and—at least

in its conjugate gradient version^—the relative rapidity of its
rate of convergence. Indeed, if the problem involves tabulated
functions, most competing methods3 (e.g., the indirect, quasi-
linearization, and second variation) are at a severe disadvantage,
either because the values of the control variables that maximize
the Hamiltonian cannot be expressed explicitly, or because the
numerical approximations to the various second-order partial
derivatives are unreliable.

The gradient method is well suited to variable endpoint
applications, but when it is used for two-point boundary value
problems it must be supplemented by techniques4"6 that
seriously degrade one or more of the values mentioned above.
The simplest technique augments the cost functional with penalty
functions containing constants that are increased periodically.1'7
As the constants approach infinity the boundary value errors
approach zero. In the process, however, the penalty terms
overwhelm the original cost functional so that in practice the
latter approaches its minimum only when careful attention is
paid to each problem.

The present paper shows how to make the latter technique
reliable while retaining its simplicity and rapidity. The original
two-point boundary value problem is replaced by a variable
endpoint problem whose cost functional is the penalty terms
mentioned. The value of the cost functional of the original
problem appears in the new problem as a free parameter.
Therefore, the two problems have identical solution extremals
when the parameter is chosen correctly. Thus the task of the
present algorithm is to find the right value of the parameter
and then solve the variable endpoint problem. The efficacy
of the algorithm will be illustrated by its application to a three-
dimensional aircraft trajectory problem.

Time-Optimal Case
First the time-optimal case will be treated. The original

problem will be called Problem A (see Table 1) to distinguish
it from the variable endpoint problems that will be introduced
later. The system whose state rc-vector x and control m-vector
u obey

dx/dt = f ( x , u , t ) (1)
is to be transferred from the initial point
_______ x = x0, t = t0 (2)
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to the final point
x = xf (3)

via the path that minimizes the cost functional
PA = i (4)

Here r is the final value of the independent time variable t.
The value of r defined by the extremal that solves Problem A
will be called IA.

In order to keep u(t) as smooth as possible, it is advisable
to avoid extrapolation by replacing t with

whose range is always 0 to 1. The final time i could now be
regarded as a free parameter; however, the analysis will be a
little clearer if we regard it instead as an additional state
variable.8 If x continues to represent only the original state
variables, the system equations take on the form

dx/d0 = (T - t0)f[x, u, t0 + (c- to)0] (6a)
dr/dO = 0 (6b)

The algorithm begins with a preliminary stage whose purpose
is merely to find an optimal trajectory that approximates the
solution. This is accomplished by solving Problem B (see
Table 1) which differs from Problem A in that the constraints
[Eq. (3)] on the final point are ignored and the cost functional
[Eq. (4)] is replaced by

The error norm is defined as
\\x-Xf\\i = (x-xf)TK(x-xf) (8)

where K is a diagonal matrix of penalty function constants.
The value of each of these constants is chosen by assuming
a reasonable tradeoff between T and the boundary value error.

To solve Problem B by the gradient method we introduce
adjoint variables A that obey

(9)

Table 1 Problem formulations

Cost
Problem functional

A T

C ill*-*,!*

Initial
conditions

x = x0, i open
Ax open, AC = 0
same as above

x = x0, T fixed
A*, Aj open

Final
conditions

x = xf
Ax open, AT = — 1
X = -K(x-xf)

i open, AT = 0
A*- -K(x-xf)
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The right member has been simplified by defining the generalized
Hamiltonian H as

H = (T-t0)lx
Tf[x,u,t0+(r-t0)9] (10)

The differential equations that k must satisfy when Eq. (9)
holds can be found by expanding the left member of this
equation and using the equations of variation of Eqs. (6).

l=-(dH/dx)T

(12)

for the difference between the final times of the two extremals
is1

When the final values of the adjoint variables are defined as
A/(l) = -dPB/dx = -[x(l)-xfYK

^(1)= -dPB/dr= -1
the integral of Eq. (9) takes on the form
-dPB = -[x(i)-xfYKdx-to =

**dH— dud9 =
ri

Jo i:— dude (13)
The last member assumes

&c(0)=0 (14)
since all the trajectories obey the initial conditions [Eq. (2)]. In
order to vary PB in the direction of steepest descent, we choose

du(9) = <r R? (0)T (15)

Thus when a is small enough to justify a first-order analysis,
the change in the cost functional is

dPB = - ff[Ac
2(Q)+ J (dH/du)2 dff] (16)

After the first descent the conjugate gradient version of Eq. (15)
can be used.

Here the subscript j represents the descent number and ft
and ft stand for
0, , 4(o)/«,_,(oi,

rMITfsr)' *T' "8>o > A - JLJoV^A- i J
The conjugate gradient algorithm proceeds by 1) computing

a starting trajectory, 2) integrating Eq. (11) backward from
Eq. (12), 3) incrementing T and u(9) in accordance with Eq. (17)
(ft = ft = 0 on the first descent), and 4) integrating Eq. (6)
forward from Eq. (2). Steps 3) and 4) are repeated several
times using different values of a and the trajectory with the
smallest PB provides the basis for the next backward integration.
Steps 2), 3), and 4) comprise a "descent cycle" and are repeated
until /^(O) and dH(6)/du have become negligible. We see that
the gradient algorithm is well suited to this variable final
point problem because the state variables are assigned values
only at the initial point and the adjoint variables only at the
final point.

Next the results from Problem B will be used to obtain a
first order estimate of r4. Equation (9) is integrated assuming
only that its right side is zero.

V&c + ̂ le-i = VSx+A^o (19)
This important relation holds between the endpoints of any
extremal and those of any adjacent arc whose dx(9), 6u(9), di
obey the equations of variation of Eqs. (6). Let us evaluate it
for the extremal of Problem B using the extremal of Problem A
as the comparison curve. This implies 6x(Q) — 0 and 6x(l) —
xf — x(l\ so that Eq. (19) becomes

A/to-xJ + ̂ H-i =^H-o (20)
On taking account of Eq. (12) and recalling from the previous
paragraph that /^(O) = 0, we see that the first order estimate

l)-x/] (21)
The algorithm now proceeds to the second stage which works

with Problem C (Table 1). The cost functional
pc-illxttJ-xjii (22)

is to be minimized with T kept fixed at the following first-order
estimate for IA.

>f = T* + to* (23)
The solution procedure is the same as that given for Problem B
except that the second of Eqs. (12) and the first of Eqs. (17) are
replaced with

Ar(l) = 0, <5t(0) = 0, (24)
respectively.

The above definition for the variable endpoint Problem C
has been chosen so that its solution extremal will be identical
to that of the fixed endpoint Problem A provided ic is exactly
equal to r4. If TC turns out to be smaller than TA, the boundary
value errors obtained from the solution to Problem C may
exceed the tolerances of Problem A. A new increment in T
can then be obtained from Eq. (20) after substituting from the
first of each of Eqs. (12) and (24).

dic = [x(l)-x/|rK[x(l)-x/|/^(0) (25)
The TC defined by Eq. (23) might also be too large. In this

case the algorithm converges to a nonextremal trajectory that
makes the boundary value errors negligible. There is no way
of estimating the magnitude of rc--cA. Therefore, the algorithm
presented below recommends that the increments in T given by
Eqs. (21) and (25) be divided by two as a safety measure.

The algorithm is summarized in the following steps : a) Com-
pute a starting trajectory. Set the descent counter j to zero.
b) Compute a descent cycle for Problem B.j-h 1 ->/. c) Compute
to from Eq. (21). d) If j < 5 go to Step b). e) If the conjugate
gradient direction decreases T [see Eq. (17a)], go to Step b).
f ) If the values of T + 5i computed from the three most recent
descents do not agree to within a given tolerance, go to Step b).
g) Compute a new starting trajectory with t + dt/2 -> T. j = 0.
h) Compute a descent cycle for Problem C.y + 1 ->j. i) Terminate
the computation if all boundary value errors lie within given
tolerances, j) Compute di from Eq. (25). k) If j < 5, go to
Step h). 1) If ST < 0, go to step h). m) If the values of di
computed from the three most recent descents do not agree
to within a given tolerance, go to Step h). n) Go to Step g).

The numbers 5 and 3 in Steps d), f), k), and m) were chosen
arbitrarily. Step e) was inserted to help the program converge
to a IB that is below IA. Step 1) helps test for convergence
because di takes on a positive value when -f < IA and a
negligible value when -f > IA.

Application to Aircraft Trajectories
The above conjugate gradient algorithm has been used to

optimize the turning flight performance in a uniform gravita-
tional field of the F-14A jet fighter.9 This example was chosen
to illustrate the ability of the algorithm to bring in a large
number of boundary values for a complex problem. The dynamic
equations are
dy\/d9 = iV cos y cos %
dy2/d6 = iV cos y sin /
dy^/dO = iV sin y
dV/de - i[Tcos(a + s)-$pV2SCD-mgsmy]/m (26)
dy/dO = i[r sin (a + e) cos {i+?pV2SCL cos ju—mg cos y]/mV
dx/dO = i[T sin (a -f e) +ip J^SCJ sin n/mV cos y
d-c/dO = 0

Here y^, y2, y-$ are rectangular coordinates of the position with
}>3 the altitude. The remaining state variables are the velocity
magnitude V, the flight path angle y, and the heading angle 7.
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.Table 2 Sequence of final values for an aircraft trajectory problem with
three final conditions

r(sec)

Table 3 Sequence of final values for an aircraft trajectory problem with
five final conditions

0 descents
8 descents

13 descents
18 descents
23 descents
28 descents
33 descents
36 descents

20.000
26.071
28.379
29.041
29.361
29.520
29.599
29.637

28,712
30,215
29,192
29,580
29,768
29.873
29,936
29,968

4,071
23,436
28,101
29,105
29,585
29,818
29,929
29,981

41,204
34,029
34,876
34,953
34,983
34,996
35,000
35,002

constraints 30,000 30,000 35,000

The control variables are the angle-of-attack a and the bank
angle \JL. A curve fit is given for the atmospheric mass density p(y$\
The mass m, reference area 5, thrust cant £, and acceleration
of gravity g are constants. Bivariate tables are given for the
thrust T(Mach, y3), lift coefficient CL(Mach, a), and drag co-
efficient CD(Mach, Cj). These data are somewhat noisy owing
to their experimental origin. The interpolation for the thrust is
by spline in the mach direction and linear in the y3 direction.
The aerodynamic coefficients are obtained from a combination
of curve fitting and linear interpolation.

The first problem is to find the time-optimal path from to =
yi = y2 = y = % = 0, 373 = 35,000 ft, V = 1,500 fps to yi = y2 =
30,000 ft, y3 = 35,000 ft with the final values of the other
state variables open. An open state variable simply means that
the corresponding penalty function constant is zero. The results
computed on the IBM 370/168 with double precision are shown
in Table 2. Eight descents are applied to Problem B and -c is then
incremented from 26.071 sec to 28.379 sec in accordance with
Step g) of the algorithm. During the second stage i is incremented
after every five descents—the minimum allowed by Step k).
The tolerances on the boundary values are satisfied after thirty-
six descents.

Next a problem that specifies constraints on the final values
of five state variables is attempted. The initial and final conditions
are the same as before except that y(l) is required to be zero
and #(1) to be 90°. The starting trajectory is that generated on
the thirtieth descent of the previous problem. The results are
shown in Table 3. Thirty descents are required for Problem B
and the final time is incremented again after the thirty-seventh
descent. Further changes in the final time are prevented by
Step 1) of the algorithm. All the boundary value errors are
within the tolerances after 158 descents.

Generalizations and Conclusions
The general principles that have been presented can of course

be applied to other types of problems. For example, suppose
that the cost function is xn(l) with the final values of the other
state variables specified. The final time can be either fixed or
open. Let us define xn

A as the value of xn(l) on the solution
extremal. If xn

A were known, the gradient program could
generate the solution extremal by minimizing the error norm

i(sec) yi(ft) y(deg)

0 descents
30 descents
37 descents
70 descents
1 10 descents
158 descents

29.599
29.111
29.787
30.377
30.377
30.377

29,907
28,959
29,463
29,997
29,995
29,993

29,945
29,110
29,916
30,210
30,059
30,019

34,983
34,910
34,955
35,001
34,999
34,999

9.8703
0.2151

-0.3428
-0.4294
-0.1285
-0.0469

80.809
85.618
87.088
89.246
89.737
89.881

constraints 30,000 30,000 35,000 0.0000 90.000

(22) with xn/ = xn
A. But a first-order approximation for xn

A can
be found from Eq. (19) using the adjoint variables defined by
the extremal that minimizes

(27)

Further generalizations will be left to the motivated reader.
The procedures presented in Refs. 4-6 employ trajectories

that satisfy the boundary conditions but not the extremal condi-
tion dH/du = 0 to approach the minimum of the cost functional
from above. The present algorithm takes the converse standpoint
and employs extremals that do not satisfy the boundary condi-
tions to approach the minimum from below. The latter is
certainly simpler than other gradient methods and appears to
be at least competitive with regard to time of computation.
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